
EXPLICIT REGULAR MODELS OF CURVES.

Todaysplan : Understand regular models + special fibres of
hyperelliptic curves via cluster pictures.

desingularize
We know that for "nice curves"- fibred surfacew

regular model
war model .E .

g. if semisable ,
contract - 1 curves -> min . rey

E .

g
. "nice" -> curve attains semisable redn over finite ext-

Setup a lot of things work if
K is any complete

&
& Idiscretely field

* K local fieldof resideres char .

· p
~ perfect residue field

Valuation field
Lunif. #).

* /K hyperelliptic curve given by

y = f(x) = c ( - r) fEK(>>] separable,
deg(f) = 2g+ 1 or

&

2g+2(g)- 2)
R = roots of flac) .

i . e
. the smooth proj . curve assoc . W I this

equ
= Gluing of pair of affine patches

UX = yz = f(x) u + : va = +29
+

2 f(Y +)

along X =/ and Y = V/+ g +

31 Cluster pictures



Definition : Let C/K be a hyperelliptic name us equation

9ia
⑧ A cluster is a non-empty subset SER of the

form 5 = Dn R For some disc
D = Dz

, dp
= Exe : v( -z)3d,

h
D

IEDEE Centre , dDEQ radius)

⑧ ForaClusterS,wikisdephds isthe
i . e . dg = miuriries vCr - ri)

.

specifying containment of clusters - cluster picture

Ex : ( : y = x
=-pr = G = pl , =539 ,

= 332p}
Cluster :R ⑳. . .

16 roots equidistant. Goodredn in deg 6

ramif. ext.

E : Ciy" = (x2-ph(X" + 1) Does not have potentially good
redn .

⑳ ( this has cemistable rean)
Clusters : 55 = E = rp3 , R3

# : S Clusters via action of GK on R.

Action preserves depth and containment of clusters.

Def : · 5' child of 5 if $1 is a maxl subluster of 5

· P(5) parent of 9 is smallest st gP(9)

Simplifying assumption #1 :

complicated
Each cluster FR has size <29 ⑳.lightlyme aesumptions (definition wh out

&

definition : A cluster 151 is principal if
· S = R : R has 3 children
· SFR : 19173 (not a twin

*These are the clusters that contribute components of genus> I tospec
at



52 Cluster picture determines special fibre

Idea : Cluster picture tells you
how to change the equation of

-

your curve to see different components of the special
fibre of C/ knrof a regular model

S special fibre -)so over

8: C : y2 = (x - pP)(x -2pP((x -3pp)(x+ 1)(x +2)(x+ 3)

⑳. .

o
depth of cluster

② determined his
,

of IP2s
&un : This is semisable

D(0 ,
07 T : y2 = x

* (x+ (((x + 2)(x + 3)

principal ·

dustoR [0 : y
3

= X (x + 1) (X + 2) (x +3) u enus I curve
G

on special fibre
D(0 ,
6)

X = pox y
= p9y

Ti of 2

cluster :

of sizes C':
*

y = ** (x' - 1)(x) - 2)(x) - 3)(p
*x + 1((px' + 2)(px +3)

T' : yz = G(x' - 1)(x - 2((x' -3) ~ genus 1

curve on
T2 special fibre

see linking chains by other discs :

D10 ,
2)

X = pix y
= p3y

C" : poyz = po(x' - py)(x)- zpY)(xi 3p)) ...

T" : y = (X 113 · 6 D(0 . 1)
P(0 , 3)

[1 % y =
6x ↳ get a Pf D(0

, 5)

D(0 , 4) : another P y20 ...

Special NO -1 curves

fibre - special fibre of

Y

yar I min . reg.
moaut

91
52

Pr-gr = #nodes 2g-2 = [mr (2
· pr-2 - (or))



Semistability criterion : ALSO TELLS YOU DES

OF EXT TO ATTAIN
CK is semisable# S - S REb

(1) KCR)/k has ramit deg 12

(2) Every cluster 5 with 15131 is invariant under
the action of IF

(3) Every principal cluster has dg EX and

Vg = vic5) + E darins E24

rER~
depth of smallest

cluster containing
Erg and S

iThan Let Clk be semisable.
-

The special fibre Cmin ,
is of the minimalregmoda

of C/Km is determined by
One has

① If 5 is principal and bereven ( = 15) is even

and has all even children) then there are

two correspired genus O components Tgt Tg

② For 5 principal and non-uberever , there is one

ined component is of genus
dchildrenof5L

③ principal 5'55 us chain of Its from

Ms to Tg: (for 2 chains , length of depth)

Chain of IPTs from 1g to ig for each -S
|t | = 2.

# Ig g notbereven , Frobenius acts on Ig
by
Ts +Frob15)

(Can also describe action of Frob on TGF and PE chairs)



Example : [Curve with no rational points]

C : y = p . ((X - i(3 - p9)((X + i(3 - pi)/Qp
R = [pi + i , 3 spi , 33p = :3

⑳,
o

51 = 535p + i) 52 = 93p- i)

x = p3(x - i) y
= pay' v cluster:..

pic

: Special fibre of minimal regular model of Ch
looks like

Tsi

i sty,ga TSz

Frob swaps 5 , and 52

-> Frob Swaps Tg , and Tg2
+ Pl components in tail.

: no Smooth R-points on special fibre

=> no points on Cover Q .

C(Qur) = 2min([pt) @b Ins (E)

( [ns(E1[JCE) non-sing . locus
...

mapissur (by Hensel's

53
(Minimal) regular model of hyperelliptic curve (overur
[S . S .

All Clusters 19) w/ 191/
Simplifying condition #2 : have integral depth.

Integral disc : Dz
, d

= &( #: vk - z) xd]
wide ze fur



DIR) = Smallest disc containingR
Given R , an integral disc is valid if D &D(R)

# (rnD)32

· For D = Dza,da , P(D) = DzpidD-1 parent.

let o Vy(f) = v() + ZER minEdd ,
Vlr-zDl] ⑨

WD(f)750 , 13 parity of VD(f).

If D = DIS) is this the thing in the semistability criterion ?

①Construction of a regular model 201/ Oka

* For each valid disc D
, fola) e Okn[D]

fo(xx = π
- Va(f)

. f(πbx + zx)

Up = Spec Oka [ca , y d] - Spec OerGayp]

(yp - HwD(t) fx(p)
: subscheme of Appar
Upo : Up open subscheme formed by removing
all the points in the special fibre corresponding to
repeated roots of the redn of fi.

* For D(R) ga(te) E Okn(tD]

9D(ty) = tyaey(t) fD()) + b)
set Wp E Anr subscheme cut out by

WD2 =WD(f)
· gp (tp) degif) even

E WD2 =
Wp (t)

· Ep . gp(tp) degit odd



Wood Wp open subscheme formed by removing
all the pts .

in the special fibre corresp . to repeated
roots of the reduction of gD .

* For each valid diss DED(R) ,

SD/spitalOr poly satisfying

9) (π(ty ,
+b) = tyVD(f) - VP(d)(f)

fu(I) +b)

in Knr(tD (

WD = A*

Owne cut out by

Saed = I
, Wa = SpWeChtpWr(tgalpita

Wood Wa open subscheme formed by removing pts
im special fibre corresp to repeated

roots of redn of gD.

(proper)

* Once we have a regular model , by contracting all - 1 curves

we get a minimal regular model.
* Then by contracting all-1 curves , get a stable model.

↳ 7 explicit description of discs

( S . + . corresp components Sneed to be contracted



Example : 2 : y = (x2 - pP)(x* +1)/ Q

⑳00 Dmax = D(0 ,0

D' = D(0 , 1)
5

, 151 = 2 D" = D(S) = D(0 ,
2)

VP VD'(f) = 2 VD" (f) = 4

up(+ ) = WD" (f) = 0

⑧ Bmax = D : fd(xy) = f(xx) gp(ty= + b - f(Ytd)

Up = Specpur[d , yp] WD = Speckpr[wD ,
+D]

(Yp2 - (xp - pi)(xyz +1) (wp - (1 - pity2)(1 + txt)
Upo = Up)E(p .

C , Yal] Wp = Wa

⑧ D : file) = p2f(pxx)
Up' = Spen Epar [CCD' ya'] Upio

(yxi - (xi - pY(p
* xx"+1) = Upi([(p . CD , gi)]

WD' = Spec Epir[wo' ,
So i td'] WDi =Wal

(Spits' - Pg Wal - (l-ptp') /Sd'* +)

⑧ D" : far(xy") = -4 f(px")
UD" = Speakpur [XD" , Ya"] Hy" =U

(yp" - (x2- 1)(p8x*+1)

WD" = Speckpur[WD" , Se" , to"] WD" =Wa

(SD"to" - Pg WD2-(1-tyr)(p
* SD" + 1)

· Glue W -> Upo via +D = /kn WD = -Byp

· Glue Wa -Mi via Di = '(d'wa' = Ed' - ya'

SD = Pad



· Glue Wi"o -Up :
O

via to" = 'kpWa" = Ep"Yg"

SD" = PXD"

· Glue Wp: -> Up ty' = p(d Wi = Sy
+

yD

SD' = xD

- I
· Glue Wa -> Mai to" = pld' wa" = Spyd

Sp" = CD'

Specialfibre :SYX genus 1
D

:- = XD'2= Sy gensonSpi . +D' = 0
12

= Sp + 1

EXD genus
O

#I TR



Example : C : y = (x2- p2)(x *
+ 1)

(genusmistable) ⑳...... D = Dmax = D(0 ,0

D' = D(0 ,1) = D(t)

zp = zx' = 0 Vp(f) = 0 VD(f) = 2

fo(x) = (x- p2)(x* + 1

fx() = p
- z(p2x - p2)(pYx* + 1)

= (x) - 1)(p + x* + 1)

Up = SperXpur[d , Ye] Ha =

Speckpre(yp" - (p2 - p& (x" + 1)
· (pp+ 1)

10 = Ne 1910 ,
0

, 03 Up= Us

9a(t) = 70
.

(( + pz)(((tu + 1)

= (l - pi +z)() + +4)

WD = Speckp* [Waitp] Wa' : Wa
-

Crop
2

- (1 - p2t) (1 + +pY)

gas (p(t ,
t) = t2 (Yt2 - 1)(p4(4 + 1)

= (1 - tz))(P(t)4 + 1)

"S
: ga' (S , t) = (b - +2)(54 + 1)

Wa' = Spec [par[We' ,Satd] Wp = We'

(Sptp-I ,
Wa - (1-tp2)(spi + 1)

Regular model edis of Cover Apar given by gluing

WDO -> Upo via
.
to = /p Wa = Cy

-

Yp



by gluing Wit Hai via Ed' = 'D'

WD' = D' Ya

and glue WD :-Us via

ty) = p/d So = Cp

WD' = So" Y D

look& Special fibre :

& 32
= xD( * + 1)(910 , 03

curve us Wp = 1 + ty4

yp = (Xyi- 1)

- Spitd' = 0

creagenus
g

I

-on =-tSp = 0 : Wp = 1 -+y

to = 0 : Wal = Sp4 + /

o
Crationaage) WD2 = 1 + ty4

enus Wp = 1 - +p ,
2

9
7 P

& at is
&

1 g1 poir
(b , wp) = (0 , 1)

Ctd'
,
Sp ,
Wp') = (0 ,

0
,
F1)

To ObtainStablemodel ,contract
bridea

If C : y = (2-pinx+ )
, special fibre of minimal regular

model looks -

2n- 1

x Y


