
WEEK 7 Reference : 5 1 . 7/1 .8 Iwahori - Matsumoto : On some

[ Bruhat decomposition and the structure of the HeckeJrings of pradic chevalley group S

Before we talk about planlaim , lets recap what

Megal set up last week.

Encap
·I a complex Is lie alg.

· 5 = ne5 Cartan decomposition

↑ ↓
associatedroot system.

Cartan subalgebra
· Let D = 59, ..., ach be a root basis.

40 = nest roolhig
· E = hir

*

= IR .

& E
· Pak = Ext *: <, = x(d) = Ry RE X

·Wak : E
+
-

* ( -

,
-) : EXE

*
-

x ++ x -( ,
x) - r) . qv

↳ E
*

Reflection across PCK. 22 ,
27 = 2

Write Wak = TCRa")owa

↓ ↳ wa : = wa
, o

translation

in
*

by Rav

· Lattice of weights : P = [xEE : <X
,xEDCE]

Lattice of roots : Q:

Dual .
p +

= Exe E * : <X
,
x) * xEP3

lattices Q
+

= [x+ E *: (x ,
x)EXXX+Q)



↓

Then Q P p+ Q

[P : Q] <4, order = Idet(A) A cartan

matrix

= order of centre of
S . c . lie group ul
lie alg. . In

Q wi Ei

Eildj) =<j , Ei) = Gij

· Let D Tla) : deQ + >

D' = < T(d) : dep+ D'ED

Weygroup : W = < Wa : < =D

Extended weyl group : DW

Affire weyl group : D'W

DW Par cells .

· Jundamental cell Do = Exte *: 0 <,
face + 3

Todaysplan :0Describe the stabilizer MEDW of
the fundamental all in terms of
vertices of the fundamental cell .

⑳ show of acts on the affine Dynhin
diagram.



Example

R = Az (simply laced
, root system of SLg).

E ·2 1) = 6

N2

· & +2 = do longest root ( x = Ea , <2)
&
* N

↓
Fundamental weights :

11 = 2/341 + 13dz

Az = 113n ,
+ 21392

⑧
·

2 P : Q] = 3.

* (a)
,
x) = 0 24 2173 = 2

Z Q
+

= 15, 7)32
· e
22 -

( , <= 0

&
&·

E = 59 + 59
2

&

⑧· V 32=32, +-
· & &

& 0

P
+

= [ceT

&

(4 ,7 = Z

I



7
Recall Do = Ex *=< di> >0 g(co> I]

Bet : r = GEDW : o Do = Don
= EEDW : x 10) = 03

(Recall x (0) = 151011 = 15 Par : BoxDolPar31(

Last week Megan proved that
D'W acts simply

transitively on cells - D'W1A = 213

=> DW = h . (D -w) Semi-direct product,

D'WDW

and M = DWID'W = Q
+ /P

+

= PlQ

is an abelian group of finite order [P :Q)

&k : If otDW , g , get then

x(g8g') = X(0) as

Blgogi)= (Do
, gog'Do

= 5)Do
, go Do)

= g5)Do ,
o Do).

Escribing
Consider o = Tld) .wer dEQ

+
NEW.

If o 1 = d + 0 as unwcD'wer = E1]
Do = Do · Jo = Do

=> · (o) eJo
= d



so de Q + 1 Jo
.

i . e
. do =dijj

↑
Leain : Q+J = 50305Ei : < 0 , Ei) = 13

(Proposition 1 . 17)

= Thail . w wi Ei sir <0
, Eil =.

Ei determinesa uniquely :

If T(gilco
,
T(Ei)w'e i then

W"Tei-Ei)w' = wi'v'e den 20

=> w = w

Conversely WTP that if d = Ei wh <do
,
zi) =

-
-

E ZwEW st TCdSwer (andwil
Recall Wacts on Groot bases] simply transitively

: J ! WDEW w Wx(X) = - D and

(longest element) wa = 1

(viewing wa:
*
- &+, Wy(iv) =

- xi)
(this is a new roof

For Kish
,
let Di = Alddi3. Then =1 system)

Waie Wi := waj : jai &W st

WDi(Di) = - Di , Wai = 1
.

l longest even.

Proposition : Teil WD: Wa edl when do
,
ei) =

Prof : One has wa(Dol = - Do
. Let at Do,

WTP Ei + WDi(b) E Do where

b = Wy(a) .



Since WDi is a combination of Waj ji,

Waildi) = di +jdj
↑ w

consider Wai acting EX3o since
or roots

[dj , di > 0

: WDi(xi) > 0.

Also WD ; (d) > O

Have : · &j , EitWailb =< j ,Wpiln]

= <Waildj) ,
b >

= b(WDi(dj)) > 0 as be Do
-

c - Ai

· <Li ,
Ei + wxi(b))

= 1 + <WDili) ,
by

⑫
-

:

get 0 ·

· <do
,
Ei + WDi(b)) E t

E

= 1 + [WDilde ,
b

--

-1 * 0

... 1
B

m118
:Haveabiconeei) = 13 - 1

O ↳ id

Ei - T(Ei) : WaiWD



Crollary 119 : 121 = [P : Q]

= 1 + # [i : 70 , Ex =

Corollary 1 .20 : For any all D,
51p +

= 2x] .

In ptc . To 1p +
= 203.

&f : Ptstable under DIW
,
D'W acts

transitively on cells, ETS JRpt = Gob

X +051p + . p
+

Ea
+

=

-i w/x = Ei (20 , i) = 1
.

then T( = T(ei) E Di(x + p
+ )

· Tlei) wai wa ed'w na

= [i]
.

=>
B

Lattice point : = unique ~ pt of 5np
+

Observe : o
,
TED'W

Then ( Donp + ) = o (5o) no(p +)
= o(0)

If fattice pas assoc to Do > Do are

same
,
then ~ (0) = T (0)

#ot
- (0) = 0

↳ o 'EW

EoW = TW.



el8 In this section we show that he acts on

the affine Dynkin diagram.

We first consider the Map 12- > Aut)D'W)

g
++ (0 ++ gogt)

Since X/) = x/gog") ,

this automorphism induces

a permutation of Ewo, ... , we]

I Recall Megan showed thatForDI=O&( "length" ( with

Claim : 14 Se + 1

# : Let g=T(ai) Waiwa e . S'pose

gw; g =wj j . Then

Wjt(Ei)waiwdlj" = Tei)Wyiwaj.

WjT(Ei) Wj"WjWdiWyWj" = Tei) Wai wa
wj(D) = Wild 3)w5-di3
wawj

- (A) = wj)X(d- xi3)094j] ~

wiwdwj'(A) =
- A = WD ; WX

E WjTleilwj" = Til Ej

=> Wj(Eil = Ei f j

=> adjEileo fj e difo et

D

option : (i) Let g
= T(ei) . Wai - Wp = h

,
<90

,
3)
=

Then gwog" = wi

Liil Let + : DW -> W be natural hon.

Then e is injective on 2 and the

set Ga , ..., de , -dol is stable

under the subgp Wr = e(r) W.



Ioof : (i) First we show that grog-W ,
i - e.

gwogazo = 0
.

(i .
e . g

+ (0) lies on hyperplane Lo
,
o = 1

,

and wo is reflection along this hyperplane,

so wog-(0) = g
+
(d) (

g
+ (0) = WaWal-Ei) (inverse , wai =w = 1

for jei Wj(Eil = Ei so that Wa(Ei) = Ei.

↑j , Eil = o

. g"(d) = WD(wpi) -Ei)

= wx( - zi) = - wp(zi)

Thus have <00 , -WD(Eil) = < Wp(90) ,
- Ei >

= ( - 20, - Ei]

= 1

so grog"eW as read . u
=> gwog"E Sw . . ..., web not wol

Since RID = 513
, y : DW-W is

injective ona

: enough to determine y(gwogt)

: 4(gwog-) = TeilwpiwpWoWaWaiT( di)

(Wo = T(o).Woo = WaiWd Who Wa WDi
-
= WWD(do = W-d = Who

= Wp B = WDi(xo).



But Be ID as gwog
:

"Gro , ..., we]

(w - ai = W(i)

Before we saw WDildd > O so

BEX .

do = di + Zjxi Mjd[(00 , (i) = 1)]
=> B = di + M; <j /Di prod of wi jii]
: B = Xi and so gwog" = wi.

(ii) Consider non-triu g
= TeilWainger

~

then0p(g)(-d0) = WDIWD(-a) = di
V

GER so write g = T(Ej)wa ; Wa

- WajWD = (WaiWp)" = WaWDi

: 0Y(f)(xj) = WDind(9j)

= WDWDj(dj) = - do

(as wajwy)-co) = <j)

also for KEXlEdi]

⑧ y(g)(ak) = WDWDj((r)

= wx) - Dj) < A

: 419) keeps 941 .... de ,
-dol Stable

D



Corollary : Kodi)=1 = Waildo = di .

-

nk : The permutation wit gwig oil
of the set [Wo ,

w, , . .., wes induced by

get coincides with the permutation

of the Dynkin diagram of E-do, ....,
deb

induced by y(g) - Wa CW .

pairingwit Moreover y(g) preserves the angle between
↑ -do

,
d
....., de .

so y(g) is an automorphism

of the Dynkin diagram of 5-do, ..., de]

o
- LoEx : An

-
-

9192 Le

20 = d +... + Xe

i Xe+ 1 (cycic] =W = Sett
.

g = T(d
, ) Wa , wa generates &

glogt : W , gwig" wa .. gweg"= wo



Bu &

-o ....
22 23 -l- 1 Le.........

- do

20 = x1 + 2)(2 + . .. + de)

2 =2 = 51 , g]

g
= T(E) Wa,A

grog" = w gw , g" wo

gwig = wi

Se
-

etc
.


