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Decimal exapnsions

Take % for p a prime and consider its decimal expansion:

1 1
5 =0.09090909-- - 2 =0.142857142857---

For p #2,5, this decimal expansion is periodic. The length of the period, k, is the
smallest integer such that
10¥=1 mod p,

i.e. is the order of 10 in [F;(,.

Thus the decimal expansion of % has maximal period length of p—1 when 10 is a
primitive root mod p.

Question (Gauss) : s this period maximal for infinitely many p?
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Artin's Conjecture

Conjecture (Artin, 1927)

Let a€ Z be such that a# +1 and a is not a perfect square.

o (Qualitative) There exists infinitely many primes p such that a is a primitive root
mod p.

o (Quantitative) Let N, (x) =#{p prime : a is a primitive root mod p} for x€R. Then

Na(x) ~ Ala@)- ——, as x — oo,
logx

where A(a) is a positive constant depending on a.

There is no integer a for which this is known.
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oo many primes of the form ...

Example

Consider a prime of the form g=4p+1 with p prime and p=2 mod5. Then 10 is a
primitive root mod p. Indeed,

2
2p _ E)z 54 =_(f)=_
10 _(q -1)°® [5) z|=-1 modg

and no prime divisor of 10% —1 satisfies the requirements of 4.

Therefore we expect that there exists infinitely many primes of this form.
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Constant A(a)

Let a€ Z and h the largest integer such that a is a h-th power. Artin originally defined

A(a) as
A(a):H(l ! )]‘[(1—#).

gint 4@=D)gal" q-1

For a prime p, a is a primitive root mod p if and only if the events

p-1
p=1 modg, a 9

1 modp
do not occur. Equivalently, a is a primitive root mod p if and only if
p does not split completely in Ly = @((q,allq).
Assume that splitting completely in Ly and L, are independent events for g, q' distinct

primes.
Chebotarev ~ density of primes that do not split completely in any Lg is

- vl
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Correction

Splitting completely in Ly and L for q # q' aren't independent events. For example, if
a=5 then Ly = Q(V5) ¢ Ls = Q({5,5').

Density of primes p that do not split completely in any Ly is

® k) 1 1 1

=1- - + 4.
iz [Lg: QI [Ly: Q] [L3: Q] [Le: Q]

T

where Ly for squarefree k is the compositum of {Lg: q | k}.
Let d be the discriminant of Q(v/a). Then

® u(k) {A(a) d#1 mod4

&1 QU al'ky: @) - 6(a)- Ala) otherwise.

where

1
6(a) = (1 - pddn —)
ﬂi [Ly: Q-1
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Correction

x (k) A(a) d#1 mod4
B _ _ = C(a)
& QU al’®): Q1 |6(@-Al@ otherwise
where
1
d@=(1-pld)|]| ————|
( K ﬂi Lyt Q-1

When k is odd then {Lg: g |k} are linearly disjoint. When k is odd and squarefree,

[Li: Q] VacQy)

Loj: = .
(P2 QI {2'[kaQ] Vag )

Letting a = bc? with b squarefree, vac Q) © blk, b=1 mod4.

e.g. a=>5, correct density is A(5)-(1+ %).
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Hooley's work

Theorem (Hooley, 1967)

Assume that the extended Riemann hypothesis holds. Then

X xloglogx
Ng(x)=C(a)- —— + 0O —
logx log® x
as x — oo.
Let
Ng(x,m) = #{p=<x:p doesn’t split completely in Ly Vg <n},
P(x, k) = #{p=<x: p splits completely in L}, k squarefree .

Then Ng4(x) = Ng(x,x—1), and

Ng(x,m) =) pu)P(x, 0"
[I

where ¢' ranges over divisors of [g<nq-
One has Ng(x) < Ng(x,€) where € = %logx. In fact

logl
Na(x):Na(x,e)+O(M).

log2 X
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Hooley's work

xloglog x _1
Todx ), €=glogx,

@ Ny(x,€) =Y o pu(f)P(x, 0.
Note

@ Ngy(x)=Ng(x,e)+0

/< H q:ezqsglogq SeZe:xlls.
q<e

Hooley proves that, assuming the Riemann Hypothesis for the field Ly,

P(x, k) =

[Lklz al Li(x) + O(vxlog(kx)).

Then since € is small one can estimate

x x
Naxi0)=Cl@- 1+ 0[5
logx log?x
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Unconditional results

@ 1983: Gupta & Murty. Let g, r, s be three distinct primes. Consider the set

S:{qsz, q3r2, qzr, r3s?, r2s, q $3 qr cy3rs2 q s, q S, qr $3 , qrsh.

For at least one of these integers, Artin's conjecture is true.

Theorem. For some a€S, there is a § > 0 such that for at least 6 x/log* x primes
p £ x, ais a primitive root (mod p).

Our theorem is proved in the following way. First we show that there are at least
cxflog? x primes p < x such that all odd prime divisors of (p — 1) exceed x¥*+*. For
such primes, we prove that IF¥ = (g, r,s) with at most o(x/log?x) exceptional
primes p £ x. Hence, for at least cx/log?x primes p < x, IF} has a generator of the
form g*r*s” for some u, v, w. The final step is to show that we can find u, v, w
bounded by three. In fact, we can take a generator as in the set S above.

@ Best result: Heath-Brown (1986) reduced this set to size 3. In particular one of 2, 3,
5 is a primitive root mod p for infinitely many primes p.
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Elliptic curve analogue

Let E/Q be an elliptic curve of rank =1, a€ E(Q) a point of infinite order.
Does there exist infinitely many prime p such that

EFp) = (@

where E/[Fp is the reduction of E mod p, a=a mod p ? If so, say a is a primitive point
mod p. _
This depends on E, e.g. if E[2] € E(Q) then E[p) is non-cyclic.

Theorem (Gupta—Murty, 1986)

Let E/Q be an elliptic curve with complex multiplication by €. and let a€ E(Q) be a
point of infinite order. Let Ng(x) =#{p <x: a is a primitive point mod p}. Assuming the
extended Riemann hypothesis,

logl
Na(®) = Cp() X +O(x og ng)
logx

log? x

as x — oo, where Cg is a constant depending on a and E.
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Function field analogue

Let K be a global function field, K =F4(C) where C/Fg4 is a non-singular projective curve.
The zeta functions of C and K are given by

® ol _
Zc(l‘)=exp(z Nc(ql)7), (k) =Zcw), u=q".
i=1
Weil conjectures = (g (s) = u_{;ﬁ% with

2g
Lew=[[0-a;w, la;l=v3.
i=1

This implies the Riemann Hypothesis holds for {g(s), i.e. the zeros of {k(s) lie on
Re(s) = %

Theorem (Bilharz, 1937)

Let K=F4(C) be a global function field. Consider g € K such that
°og ¢[Fq,
@ g is not an I-th power for any 1| q—1.

Then g is a primitive root modulo p for infinitely many closed points p € C.
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Fp(x) example

Let a(x) € Fp(x) be a rational function. There are co many monic irr. polys p(x) € Fp[x]
such that
(a(x) mod p(x)) = (Fplxl/p(x)*.

Recall if p(x) is of degree n, then Fp[x]/(p(x)) =Fpn, hence the multiplicative group is of
order p" —1.

Proposition (Indicator function formula)

Let G be a finite cyclic group of order n, f the function on G given by
r@={) &=C. " Then

0 otherwise.

@n) « ud)
flgg=—-) — x(g).
Z L%;’l ¢(d) orc§=d

Thus
#{p(x): degp(x) = n, a(x) generates ([Fp[x]/p(x))*}

1 d —
= (’)(’;—1) &d) Y x@@).
p(x): degpy=n P~ ~1 apr-1 ol )ord)C:d
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Fp(x) example

#{p(x): degp(x) = n, a(x) generates ([Fp[x]/p(x))*}

1 d —
= (”(pn—l) &d) Y x@@).
p(x): degpy=n P~ ~1 apr-1 ol )ordx:d

The number of monic irreducible polynomials of degree n in Fp[x] is given by

1 n nl2
LY wapmd =P+ ol
din n n

Thus the contribution from the main term (d =1) of our expression is

e(p"-1) p"+0(p

n/2)
pt-1 n '

The error term can be bounded. If Ny(Fp,n) denotes the number of irreducible
polynomials p(x) of degree n such that a(x) is a primitive root mod Fplxl/p(x), then

n_
Na(Fp,n) = W(l +O(mp™"z79)),

for any € >0, with m =dega(x).
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End

Thank you for listening :)
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