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51 . Background- results
A/K abelian variety over global field K.

BSD conjecture :K Alk = ords = 1 L(A/K , s)
.

t ACK) FASK O ALK)tors
.

Functional equ :

L* (A/K , 2 - s) = w(AIR) . L
* (A/k , s

=]
↳ EE113 global

1 root num .

Parity conjecture : w(AIk) = ( -1)5kA/K ( upshot
: no (L-functions

in statement

= Ker (HI(Gr ,Asenj) -> THISGEr ,Act)
Let Selpp(A/k) = lim Selpn(Alk).
I

and Xp(AIK) = Homep (Selpp/Alk) , Qp(p) @Qp

(0 -> A(k) @ Qp/7p -+ Selp/A1K) -> W(AIk)Sp
O> + 0)

Then dimapXp(AIK) = rKA/k + # copies of QpKp
↑

In NIAIK)SpOS
.

p- parity conjecture : w(Alk) = (1)Xp(A/V))
"p8-Selmer rank"

[Dokchitser-Dokchitser , 2010] p
= 2 /Monsky)

known cases : · A = E elliptic curves ,
K = Q ,

all p
~

· Any A ,
all p , K global fr · field

also elliptic curves over

( totally real fields that are ( Li . e . Fie . ext . of Fp(t)(
modular

,
ECs w/ K-rational [Trinan-Yasuda]p-isogeny

Let t be an Artin
. rep over factoringa /k) .through a finite Galois



-C : <t , AlF)@2() = ords=1L(A ,T , S)

P ↑
inner product of Twisted 2-fre
characters of $52]-reps

#parity WIAlk , z) = ( - 1)
<t , Xp(A/F)7

-

Ex : + = &(4/H] , WIAlk ,
T) = w(AlfH)

<T
, Xp(AIF) >= diMQpXp(A/FH) .

Am : Use p-parity for twists to deduce p-parity.

The p-parity conjecture for twistsTheoreMasuda
,
by orthogonal representations holds for

2014] all AVs/global function fields of
&

char P.

(badic sheaf> overconvergent F-1socrystal)ladictale conom. rigid chom.

Let Alk be a Somisable AV over a numberfield K

Fix G = Gal(FIkand prime p . DokChitser-Dokchitser's
" Braver relations + regulator constants "machinery proves

p-parity for twists for a set of reps Sp of G
(indep of A

Tor:hyperelliphcurveoverame as

G = Sal (F(k)

Then w(Jac(/k , <) = ( - 1)
< T , Xp(JatCIF)

for all -Sp , where Jac can have

any Ctame) reduction at all places
vX2p

: 1 Sp .



Ex : G = Dep()Sp2[1 detto :

o Idin,a
0 = [13 - 2.C - Cp +24

Iherem : Let C : y = f(x) be a hyperelliptic curve over

a number field k

1 Let F = k(Jac([2]) , G = Gal(F(b) = Gal(f) .Applicationoic]
curves Assume that for all p22g+

· # ↓ (Jac </k) [pDJ < A

· Jac < /k has s . S . redn at all

places above p.
I

If the parity conjecture is true F JacC/F'

When H-9 is a 2-group , then it is true

for Jacd/K .

Lor : Enough to prove parity for Ciy2 = F(x)
when Gallf) is a 2-group-

-

& 2 . Reducing to a local statement .

Let Jc = Jack 2/k hyp - cre. G =gal(F(k) .

<t
,
Xp(JcIF)7

Aim : Prove w(Jc
,
) = ()

>
decomp-gp

& v
.

know wlJc ,
) : TT w(Jc , Resort]

v place
of K

If teSp . 7 niet , Hi D Set

(t
, Xp(5cIF))= TC(Jc/i)i
- xt

,
v(Jc)

of K

where [v(Jc/FMi) is the product of Tamagawa
numbers of Jc/(FHi) w
for al w above vin Fli

.



Strategy :

Prove- astatement:veror field&

· G = Gal(5/k) .

Xt
,
v)Jc

z-Sp[Rep(4) w(Jc ,) = Gr · H)

where he [11} is an etern St . Thr = 1.

Ank : * easy when Gallf/k) cyclic
* Ja/K good redn.

Prop ' Let h be a non-arch .
Local field of odd pos.

-

char
. 9/K hyp. curve p

A
Then local statement holds& Gallf/k)
and p with p + chark

i 74

Proof : Approximate C A by a curre /N over
-

idea a global function field K with
-

· Kv = K , J/v suff-close to CIK for some v

· local statement holds for [/Kv' X vEV .

Then use global twisted p-parity theorem to

deduce local statement at V Same for CIK.

93 . Qp -> #p((t))

Let kIQp be a finite ext . w/podd , residue field
,

unif . I
Let 5 = k(5m ,M) have residue field If

represented by the roots of unity of order

coprime to p.
Write I for the Teichmiller lift of def to 5.



Define 4 : 5 - F((ME)) by

↑(i) = Braine
:

5 :Q
This is not a homomorphism: = 1 + 3 y= 3 , = 90,Y

↑( +y) = p(1 - 3 + 9)
= 1 - t + t

= P(x) + P(y)

We have an ison.
. Gal(f(x) -> Gal((( M=))/b((+))

5 : 3m Smi
->t( 3mmS

i (
for ofGal(5/k) and <ef, (oka) = (Pgkd)

Theorem : Let C : Y = -) ... K-rd/R with
- rit f .

Consider

/Ch : y = P(c)(-Pril) ... -Pond)/RKtY
Fix l+p prime

Then

A holds for =>A holds for (C)/R((t)) ,
& K

,
tame tame Galois exts

Galois exts G =Gal(4/k) G = Gal (L/R((t)) and
and t See Rep(a)

TE Se[Rep(a)

In other words,

root numbers + famagawa numbers for C
transfer under &


